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The interplay between the thermal transport property and the topological aspect is investigated
in a spin-triplet chiral p-wave superconductor Sr2RuO4 with the strong two-dimensionality. We
show the thermal Hall conductivity is well described by the temperature linear term and the expo-
nential term in the low temperature region. While the former term is proportional to the so-called
Chern number directly, the latter is associated with the superconducting gap amplitude of the γ
band. We also demonstrate that the coefficient of the exponential term changes the sign around
Lifshitz transition. Our obtained result may enable us access easily the physical quantities and the
topological property of Sr2RuO4 in detail.
PACS numbers:
I. INTRODUCTION
The transition metal oxide superconductor
Sr2RuO4 [1–3] has attracted much interest as a
strong candidate for topological superconductivity. The
superconducting state is characterized by spin-triplet
Cooper pairing [4] and broken time-reversal symme-
try [5, 6]. Within the traditional symmetry classification
scheme the order parameter with chiral p-wave Cooper
pairing remains as the only phase compatible with these
experiments: d(k) = ∆0zˆ(kx ± iky) characterized by an
orbital angular momentum Lz = ±1 along the z-axis [7].
This is an analog to the A-phase of superfluid 3He which
in a quasi-two-dimensional system as Sr2RuO4 opens a
full quasiparticle excitation gap and whose topological
character can be labeled by Chern number.
Angle-resolved photoemission-spectroscopy (ARPES)
and de Haas-van Alphen data [8–10] as well as first prin-
ciples calculations reveal that the γ band, a genuinely
cylindrical (two-dimensional) electron-like Fermi surface
and derived from the Ru 4d-t2g dxy orbital, has its Fermi
level only slightly below the van Hove singularity. This
means that the Fermi surface approaches the Brillouin
zone boundary closely at the saddle points (π/a, 0) and
(0, π/a) with a lattice constant a, such that Sr2RuO4
could be close to a Lifshitz transition. In the super-
conducting phase the energy gap is suppressed strongly
by symmetry close to these van Hove points. Topology
induced features, therefore, are fragile against disorder
effects and thermal broadening which destroy the quasi-
particle gap [11, 12].
At c-axis oriented surfaces of Sr2RuO4 a lattice re-
construction occurs, whereby the RuO6 octahedra rotate
around their c-axis leading to the doubling of the unit
∗ imai@phy.saitama-u.ac.jp
cell [13, 14]. We have pointed out recently that such a
rotation may change the Fermi surface topology of the
γ band pushing the Fermi energy through the van Hove
points and in this way generate a Lifshitz transition be-
tween an electron- and hole-like shape [15]. In addition,
the studies of the electron doping effect of Sr2RuO4 by
La substitution for Sr ions [16–18], the uniaxial pressure
and the strain effects on Sr2RuO4 [19–21] show that the
topology of the γ band changes around the van Hove
points in the whole bulk system. In the chiral supercon-
ducting phase topological property depends on the struc-
ture of the γ band [12], and the different Fermi surface
topologies give different Chern numbers.
It has been shown that the chiral p-wave superconduc-
tor supports chiral edge states responsible for sponta-
neous in-plane supercurrents along the surfaces [22, 23].
These current, however, are not a direct feature of topol-
ogy, in the sense that their magnitude depends strongly
on the band structure and the orientation and quality of
the surface [15, 24, 25]. It has been shown that surface
currents are essentially insensitive to changes of Chern
number, e.g. through a Lifshitz transition [15]. More-
over, surface currents need not flow in a simple circular
pattern around a disk-shaped sample as naively expected,
but can even show peculiar current reversals [24]. Thus,
surface supercurrents are not an optimal feature to test
the topology of the superconducting phase.
On the other hand, the thermal Hall effect (Righi-
Leduc effect) is more suitable to study the topology of the
superconducting phase, as it realizes quantization fea-
tures which are directly connected with the Chern num-
bers. In the following we will discuss the thermal Hall
effect in the context of topology, using a lattice fermion
model with an attractive inter-site interaction within the
BCS-type mean-field approximation. Moreover, we an-
alyze the temperature-dependence of the thermal Hall
conductivity, in particular, near the Lifshitz transition
changing the Chern number.
2II. MODEL
The electronic properties of Sr2RuO4 are governed by
the Ru 4d-t2g orbitals, and the electron bands yield the
three Fermi surfaces, α, β and γ. The hole-like α and
the electron-like β bands have one-dimensional charac-
ters, whose Fermi surface topologies are robust under a
change of the chemical potential and topological proper-
ties are opposite to each other and, thus, vanish [26, 27].
Therefore, for simplicity, we will focus here on the γ band
which remains the only one essential for topological as-
pects.
The left panel of Fig. 1 shows the lattice structure
used for our model, whereby t (t′) and U (V ) denote
the hopping amplitudes and the coupling constants of
the attractive interaction between nearest neighbor (next
nearest neighbor) sites. These two parameters provide an
enlarged range of topological superconducting states with
different Chern numbers.
For this single-band tight-binding model, we introduce
the following Bogoliubov-de Gennes (BdG) Hamilto-
nian yielding a spin-triplet pairing on a two-dimensional
square lattice
HBdG =
∑
k
(
c†
k↑, c−k↓
)(
εk ∆k
∆∗
k
−εk
)(
ck↑
c†−k↓
)
, (1)
where c†
kσ (ckσ) is the creation (annihilation) operator
of an electron with wave vector k (= (kx, ky)) and spin
σ(=↑, ↓). The normal state electron dispersion of the γ
band and the gap function are parametrized as
εk = −2t(cos kx + cos ky)− 4t
′ cos kx cos ky − µ, (2)
∆k = 2iU {∆x sin kx +∆y sin ky}
+ 2iV {∆+ sin(kx + ky) + ∆− sin(−kx + ky)} , (3)
where µ is the chemical potential. Moreover, the symbols
∆m(=x,y,+,−) represent the spin-triplet superconducting
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FIG. 1. (Color online) (Left panel) Lattice structure with
square lattice. t (t′) stands for the hopping amplitude be-
tween nearest (next nearest) neighbor lattice sites. U (V )
represents the attractive interaction between nearest (next
nearest) neighbor lattice sites. (Right panel) The Fermi sur-
face for several choices of the chemical potential µ in the nor-
mal phase.
order parameter as follows,
∆x =
1
2
(〈ci↑cix↓〉+ 〈ci↓cix↑〉), (4)
∆y =
1
2
(〈ci↑ciy↓〉+ 〈ci↓ciy↑〉), (5)
∆+ =
1
2
(〈ci↑ci+↓〉+ 〈ci↓ci+↑〉), (6)
∆− =
1
2
(〈ci↑ci
−
↓〉+ 〈ci↓ci
−
↑〉), (7)
where ci↑ is the annihilation operator for dxy-orbital elec-
trons on the site i with spin σ (↑ or ↓). The indices x, y, +
and − stand for the (a, 0), (0, a), (a, a) and (−a, a) direc-
tions of real-space pairing, respectively. In the following
we will suppress the constants a, ~ and kB by setting
them 1. The next nearest hopping amplitude t′ = 0.35t
reproduces the γ band of Sr2RuO4.
We can tune the Lifshitz transition mentioned above
directly by changing the chemical potential µ. In this way
the Fermi surface switches from a electron- to hole-like
shape at a critical value of µ = µc = 4t
′ = 1.4t shown in
Fig. 1 right panel. At the same time the topology of the
superconducting phase changes as we will show below.
III. RESULTS
The order parameters ∆x,y and ∆± are determined
self-consistently. Upon the convergence we obtain the
chiral p-wave superconducting phase as the most sta-
ble state, with ∆y = ±i∆x favored by U 6= 0 and
∆− = ±i∆+ driven by V 6= 0. Figure 2 shows the order
parameters where Im∆y for U 6= 0 and V = 0 (Im∆− for
U = 0 and V 6= 0) is identical to Re∆x (Re∆+) with the
orbital angular momentum Lz = +1. Note that the or-
der parameters between the nearest and the next nearest
neighbor sites always have same chirality, whose phase
difference is arg(∆+/∆x) = π/4 when both U and V do
not vanish [15]. Hereafter we focus on the specific angu-
lar momentum Lz = +1 state. Thus the d vector can be
rewritten as d = ∆xzˆ(sin kx + i sinky) + ∆+zˆ{sin(kx +
ky) + i sin(−kx + ky)}.
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FIG. 2. (Color online) The order parameters as a function
of chemical potential µ at zero temperature. The left (right)
panel represents Re∆x for U = −t, −2t with V = 0 (Re∆+
for V = −t, −2t with U = 0).
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FIG. 3. The Chern number as a function of chemical po-
tential µ for (U, V ) = (−2t, 0) and (0,−2t) at absolute zero
temperature.
The bulk quasiparticle spectrum is given by Ek± =
±
√
ε2
k
+ |∆k|2 and at the van Hove point (k = (π, 0))
Ek± = ±(4t
′ − µ), where the gap function ∆k vanishes.
There are several other discrete points of zero gap within
the Brillouin zone.
First we examine the Chern number Nc as a function
of the chemical potential µ for two choices of interactions
(U, V ) at zero temperature, as depicted in Fig. 3. While
for the electron-like Fermi surface the Chern number
takes the two values −1 and +3 for (U, V ) = (−2t, 0) and
(U, V ) = (0,−2t) at µ < µc, respectively, it is uniquely
+1 for µ > µc, the hole-like Fermi surface. This change
as function of µ defines the Lifshitz transition at µc. Note
µc is independent of the magnitude of U and V . The two
values of Nc for µ < µc suggest the presence of a topolog-
ical transition when we continuously interpolate between
the two cases of (U, V ), yielding a change of Nc by 4.
We turn now to the thermal transport properties. It
has been noticed that for the ordinary thermal current
the circulating contribution of the chiral edge states has
be considered with care [28]. We will focus here, how-
ever, on the thermal Hall conductivity in a chiral p-wave
superconductor which can be expressed as
κxy = −
1
4πT
∫
dε ε2Λ(ε)f ′(ε), (8)
Λ(ε) =
4π
M
∑
k,n
Im
{〈
∂ukn
∂kx
∣∣∣∣ ∂ukn∂ky
〉}
θ(ε− Ekn), (9)
where f ′(ε) is the derivative of the Fermi-distribution
function [29], T andM denote temperature and the num-
ber of sites, respectively, and ukn (Ekn) is the periodic
part of the Bloch wave function (the eigenvalue) of the
BdG equations (Eq. (1)) for the wave vector k and
band index n and is obtained numerically. Note that
Λ(0)(≡ Nc) is identical to the Chern number.
Figure 4 displays the temperature dependence of the
thermal Hall conductivity. In the low-temperature limit,
the thermal Hall conductivity, κxy ≈ (πNc/12)T [29],
is proportional to temperature with a prefactor directly
related to the Chern number (the solid-red lines in Fig.4).
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FIG. 4. (Color online) The thermal Hall conductivity κxy as
a function of temperature at absolute zero temperature for
several choices of U with V = 0 ((a) and (b)) and several
choices of V with U = 0 ((c) and (d)) at µ = 1.3t (left panels)
and µ = 1.5t (right panels). The solid-red line represents κLxy
for each set of the parameters (U , V , µ).
This term linear in temperature is defined as
κLxy ≡
πNc
12
T. (10)
The change of the low-T slope of κxy (corresponding to
κLxy) indicates the change of the Chern number at µ = µc
and conveys that in the very low temperature regime κxy
is uniquely determined by topological properties of the
superconducting phase.
We observe a deviation from the T -linear behavior of
κxy in Fig. 4 which we trace back to the finite magnitude
of the quasiparticle excitation gap, as we will demon-
strate in the following. For this purpose we discuss the
influence of the structure of Λ(ε) on the temperature de-
pendence of κxy. Figure 5 shows Λ(ε) for several choices
of (U, V ) at µ = 1.3t and µ = 1.5t. In our numerical
results we find Λ(ε) = Nc in a region |ε| ≤ ε0 and a rapid
change beyond. By comparison we can connect ε0 with
the quasiparticle gap Eg (the lowest excitation energy),
i.e. ε0 = Eg/2. For |ε| ≫ ε0 the value of Λ(ε) shrinks to-
wards zero. This part of the function depends on details
of the model.
For an illustrative approximation of κxy as a function
of temperature we use a piece-wise constant (box shaped)
function Λ′(ε) instead of the exact Λ(ε),
Λ′(ε) =
{
Nc |ε| ≤ ε0
0 otherwise
. (11)
Then the evaluation of Eq. (8) is straightforward and
shows the essential behavior of approximate thermal Hall
4conductivity κ′xy with Λ
′(ε),
κ′xy =
NcT
2π
{
π2
6
− γ(T )e−
ε0
T
}
, (12)
γ(T ) ≡ 4
( ε0
2T
)2
+ 4
( ε0
2T
)
+ 2. (13)
The second term in Eq. (12) is obviously a correction
to κLxy due to contributions of thermally activated quasi-
particles and is only a valid approximation as long as
ε0 ≫ T , also in view of the temperature dependence of
the gap which shrinks as temperature increases.
We now compare κxy(T ) with our numerical results.
To simplify the expression we use here
κxy ≈ κ˜xy ≡ κ
L
xy + βe
− δ
T , (14)
with fitting parameters β and δ. Thus, we may use an
Arrhenius fit for κxy − κ
L
xy. Figure 6 displays the fitting
parameters δ and β for several choices of (U, V ). In
the whole range of µ, δ is essentially identical with ε0,
where ε0 ≈ |4t
′−µ| for the Fermi surface close to the van
Hove point. Thus, approaching the (topological) Lifshitz
transition the quantization becomes thermally softened
as the protection due to the quasiparticle gap weakens.
The comparison of κxy with κ˜xy for the estimated δ and
β is depicted in Fig. 7 for µ = 1.3t and µ = 1.5t. The
approximation works well in the temperature range of
validity (ǫ0 ≫ T ). The parameter β includes information
of the shape to Λ(ε) and determines, in particular, the
sign of the deviation from T -linear behavior. We find
that β has the same sign as the Chern number Nc, if
Λ(0) = Nc represents a global maximum of Λ(ε). It is
opposite, if Λ(0) = Nc is only a local extremum of Λ(ε),
as it the case, for example, for (U, V ) = (0,−2t) and
µ = 1.3t as displayed in Fig. 5. Thus, the sign of β
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FIG. 5. (Color online) Λ(ε) at zero temperature for (U, V ) =
(−t, 0), (−2t, 0) (upper panels) and (U, V ) = (0,−t), (0,−2t)
(lower panels) at µ = 1.3t (black) and µ = 1.5t (red).
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FIG. 6. (Color online) The fitting parameters δ and β as a
function of chemical potential µ for (U, V ) = (−t, 0), (−2t, 0)
(upper panels) and (U, V ) = (0,−t), (0,−2t) (lower panels).
The solid lines stand for the half energy gap ǫ0 in all panels.
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FIG. 7. (Color online) The solid lines, dashed lines and
dashed-dotted lines with circles stand for κxy, κ
L
xy and κ˜xy as
a function of temperature for (U, V ) = (−t, 0), (−2t, 0) (up-
per panels) and (U, V ) = (0,−t), (0,−2t) (lower panels). The
black (red) line denotes the results for µ = 1.3t (µ = 1.5t).
depends on whether |Λ(ε > ε0)| is larger or smaller that
|Nc|. This behavior can be straightforwardly reproduced
using Eqs. (8) and (13). From the above discussion it
becomes clear that κxy(T, µ)/T would display a step-like
feature as a function of µ at µ = µc. The deviation
from κLxy/T would yield a thermal broadening of the step
which would be sharp only in the limit of T = 0.
For the purpose of computational feasibility we used
rather large interaction strengths, obtaining large gaps as
well as short coherence lengths. Our analysis, however,
shows that the qualitative behavior remains valid, if these
5parameters are modified towards more realistic values,
because the overall features of Λ(ε) remain unchanged.
An important point is the change of the Chern number
appearing also in the plateau of Λ(ε) around ε = 0 at the
Lifshitz transition, µ = µc. Here the gap ε0 vanishes as
required for a topological transition.
IV. CONCLUSIONS
Motivated by the spin-triplet superconductor
Sr2RuO4, we have investigated the interplay be-
tween the thermal Hall effect (Righi-Leduc effect) and
the topology of the chiral p-wave superconducting phase.
We focus on the γ band of Sr2RuO4 which is close to a
Lifshitz transition between an electron- and a hole-like
Fermi surface, changing the topological properties of the
superconducting phase, in particular, its Chern number.
The other two Fermi surfaces resulting from the α-
and β-bands are not affected much by the transition.
Moreover, the Chern numbers of these Fermi surfaces
compensate each other to zero and do not give rise
to a topology related contribution to the thermal Hall
coefficient.
We show that the Lifshitz transition in the γ-band not
only changes the Fermi surface topology but also yields
a change of the Chern number of the chiral supercon-
ducting state. This alters the structure of the quasi-
particle edge states. While the supercurrents of the edge
states are a surprisingly little affected by this Lifshitz
transition, our calculations show a strong signature in
the thermal Hall effect related to the change of topol-
ogy of the superconducting phase. The temperature-
dependence of the thermal Hall conductivity consists of a
T -linear whose coefficient is uniquely related to the Chern
number and terms exponentially depending on tempera-
ture. We could show that this latter correction provides
the information on the superconducting gap amplitude
of the γ band as they are induced by thermal occupation
of the quasi-particle states in the bulk continuum. The
observation of the thermal Hall effect would be a possible
way to follow the changes of topology through the Lifshitz
transition which would not be possible by detecting edge
supercurrents. Our discussion gives a qualitative picture
what one could observe at a Lifshitz transition which
could be possibly induced by doping or uniaxial stress.
Clearly a more accurate prediction would be required to
include the other two bands which would contribute to
the deviations from the universal low-temperature behav-
ior. It is non-trivial to assess these contributions quan-
titatively, as little is known of the gap structure of these
bands.
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